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1. Introduction 

In the theory of combinatorics, the process of enumerating objects of various 
nature has been considered (cf. [26], [27], etc.). It yields a sequence of positive 
integers and its generating function. The Catalan numbers are one of typical ex- 
amples of such sequences. The numbers enumerate various objects, brackets, Dyck 
paths, rooted trees, triangulation of polygons, etc. (cf. [4], [18], etc. ). 

In this paper, we will first observe that the operator relations of the canonical 
generating isometries of the Cuntz algebra On are naturally related to the N- 
colored Catalan numbers c„ , n = 0, 1, 2, The Cuntz-Krieger algebras are nat- 
ural generalization of the Cuntz algebras from the view point of topological Markov 
shifts. They are defined by a directed graph and have generating partial isometries 
satisying certain operator relations coming from the structure of the graph. For 
a directed graph G, we generalize the Catalan numbers by using the canonical 
generating partial isometries of the Cuntz-Krieger algebra O^g for the transition 
matrix A G of G. We call the generalized Catalan numbers c^,n = 0,1,2,... 
G-Catalan numbers. We will then show that the generalized Catalan numbers 
enumerate the Dyck paths and the oriented rooted trees associated to the graph 
G. Let {v\, . . . ,vn} be the vertex set of G. The generalized Catalan numbers 
c„ , n = 0, 1, 2, . . . are of the form 



N 

4=J2 C %W> n = 0,l,2,... 

i=i 

i 



where c^(i) enumerate the numbers rooted at the vertex Vi, and Cq{i) is defined to 
be 1 for i = 1, . . . , N so that Cq — N. They satisfy the following relation: 

n N 

<£+i(i) = E^wE^^^w ( L1 ) 

fc=0 j'=l 

where Ac{j, i) for i>i,u,- € denotes the number of directed edges from Vj to Vi 
in the graph G. Let f G {x) be the generating function for the G-Catalan numbers 
c^, n = 0, 1, It is defined by 

oo 

/ G (z) = £c^. (1.2) 

Let fi*(x) be the generating function for the sequence c G (i),n = 0,1,.... The 
functions satisfy the following equations 

/ G (*) =£/?(*), (1-3) 

AT 

/f( a; ) = l+x/f(x)^A G (j,z)/f(x) fori = l,...,JV. (1.4) 
i=i 

We will prove that the family f-*(x),i = 1,. . . ,N of functions is uniquely deter- 
mined by the above relations by the implicit function theorem (Theorem 6.5). The 
radius of convergence of fi(x) does not depend on i = 1, . . . , N, and is determined 
algebraically as a solution of an eigenvalue problem of a certain matrix associated 
with the transition matrix Aq of the graph G (Theorem 7.2). We will prove a 
formula of c G (i) by using the matrix Aq- Put 

N 

Fi(w]_, . . .,w N ) = {wi + l)^A G (j,i)( Wj + 1), 

F?(wi, ...,w N ) = Fi(wi, w N ) n , i = l,...,N. 
We will show the following integral formulae 

G( ., 1 fFp(w u ...,w N ) 



£(i) = 2nnV ^ I 3 -dwu i,j = l,...,N 



>c 

hold, where the above integral is a contour integral along a closed curve C around 
the origin (Theorem 8.1). By using the above formulae, we will compute some ex- 
amples. In particular, the G-Catalan numbers for the graph G bellow are computed 

as 




Figure 1 



q 2/ 3n + l\ 1 ( 3n \ 2 /3n 

° n ~ n\n - 1 ) + n\n - l) ~ n+1 \ n 



Hence 



c G = 10, cf = 42, c G = 198, 



This sequence is regarded to be the Fibonacci version of the Catalan numbers. The 
radius of convergence of the function f G (x) is computed to be t^. 

We will also define generalized Catalan numbers c G ' v by using KMS state ip on 
the C*-algebra O^a for the gauge action. The numbers c G,(p are computed by the 
G-Catalan numbers with the Perron-Frobenius eigenvalue and its eigenvector for 
the matrix A G (Proposition 9.3). 

2. The Cuntz algebras and Catalan numbers 

Throughout this section N is a fixed positive integer greater than 1. For a set 
0, we denote by |f2| the number of fi. Let Si, ... , Sn be a family of bounded linear 
operators on a Hilbcrt space satisfying the following condition 

N 

J2SjS* = l, S*Si = l for t = l,...,JV (2.1) 
i=i 

Let On he the C* -algebra generated by the family Si, ... , Sn- The algebra On 
is called the Cuntz algebra ([2]). It is well-known that the algebraic structure of 
On does not depend on the choice of the family Si, ... , Sn satisfying the relations 
(2.1). For a word a = (jii, . . . , fj, n ) of {1, ... , N}, we put 

S[i = S^ ■ ■ ■ S^ n and S^ = S^ n ■ ■ ■ S^ . 

Put T,n = {SI, . . . , S N ,Si, . . . , Sn}- Let W 2n be the set of all words of T,n of length 
In: 

W? n = {(Xi, . . .,X 2n ) \ X i eT, N ,i = l,.. .,2n}. 
For X = (Xi, . . . , X 2n ) E W^, define ttn(X) to be the element Xi ■ ■ ■ X 2n in On- 
By [2, 1.3 Lemma], every ttn{X) for a word X in W 2n is one of the forms: 

0, 1, S^S* for some words /j,, v of {1, . . . , N}. 



We set 

Define the numbers 



B% - {X e WZ | k n (X) = 1}. 



c^=N, ci N ^\B^\ for n= 1,2, 
The following proposition is a key in our further discussions 

Lemma 2.1. Let X = (Xi, . . . ,X 2n ) be a word in . 

(i) The number of S* , i — 1, . . . , N and Si, i = 1, . . . , N in X is the same. 

(ii) The number of S* ,i = 1, . . . , N in any starting segment from the leftmost 
of X is not less than the number of Si,i = 1, . . . , N in the same segment. 

Proof, (i) is clear. 

(ii) Let (i, v be the word of {1, ... , TV} with same length. Then (2.1) implies 



S^Si, 



1 if fi = v, 
if fi ^ v. 



Hence, if the number of S*, i = 1, . . . , N in some starting segment from leftmost of 
X is less than the number of Si, i = 1, . . . , N in the same segment. The operator 
ttn(X) is reduced to the word of the form SjWN{Y) for some j = 1, . . . , N and 

3 



some word Y in Sjv- The word SjiTN(Y) however is not abe to be 1 for any word 
Y. Thus the assertion holds. □ 

Let c„ be the usual Catalan number ( 2 ^) . The above two properties in Lemma 
2.1 characterize the regular bracket structures ([18, p. 26]), so that we have 

Proposition 2.2. 

C W = N n x c„, n = 0,l,.... 
TTie numbers N n x c„ are called the N -colored Catalan numbers. 

Proof. Let (i, . . . , (at, )i, . . . , )jv be the N pairs of 2N brackets. Consider the fol- 
lowing correspondence between the brackets (i, . . . , (jv, )i, • • ■ , )n and the operators 
S*,..., S^, Si,...,S N such as 

S*, )i^Si fori = l,...,JV. 

One easily sees that the set of regular brackets exactly corresponds to the set of 
words of B%. □ 

For example, the word 

S} 3 Sf 3 S*f 2 S*^ Sf 1 Sf 2 Sf 4 ■ Sf 3 Sf 2 Sf 2 S/ 3 
corresponds to the word of brackets 

for /i, / 2 , /3, fi G {1, . . . , N}. We note that for every word X = X\, . . . X 2n of , 
the leftmost symbol X\ must be S* for some i and the rightmost symbol X 2n must 
be Sj for some j. We denote i by 1{X) and j by r(X) respectively. 

3. The Cuntz-Krieger algebras and generalized Catalan numbers 

Let G = (V, E) be a directed finite graph with vertex set V and edge set E. 
Consider the associated edge matrix A G for G defined by for e, / e E 



A G (eJ) 



1 if t(e) = *(/), 
otherwise 



where t(e),s(f) denote the terminal vertex of edge e and the source vertex of 
edge /. We henceforth assume that every vertex of G has an incoming edge and 
an outgoing edge so that A G has no zero rows or columns. Consider the Cuntz- 
Krieger algebra O^g for the matrix A G that is the universal C* -algebra generated 
by partial isometries S e ,e€ E subject to the following relations: 

J2s f S} = l, S* e S e = J2A G (e,f)S f S* f iove&E. (3.1) 

feE feE 

For a vertex v € V we put 

p v = ]T s f s}. 

feE.v=s(f) 
By the above relations, we know that 

(i) P V P U = if u ^ v for u, v e V, 

(ii) P t[e) = S* e S e for e € E. 
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The algebra O^o is often called a graph algebra and denoted by Oq [16, 17]. 
Let {ei,...,e| E |} be the edge set E. Put S G = {S* ei , . . . , S* iE] , S ei , . . . , 5 e|E| }. 

We denote by W 2n the set of all words of Eg of length 2n. For a word X = 
(X\, . . . , X 2n ) € W 2n , define -kq{X) = X\ ■ ■ ■ X 2n € O^a as an element of the 
algebra O^g. Let Si, . . . ,S\ E \ be the canonical generating isometries of the Cuntz- 
algebra 0\e\ satisfying (2.1). Put ^\e\ = {S*, • • • , S* E ^S\, . . . , S\ E \} an d define the 
correspondence 

®G ■ ► 

by setting 

$ G (S* ei ) = S*, $ G (S ei )=Si, i = l,...,\E\. 

The correspondence <£>g is naturally extended to words of Eg- We set 

B G = {Xe Wg | ttg(X) ± 0, $ G (I) e Bl E I}. 

A word X = (Xi,...,X 2 „) of B G is called a G- Catalan word. Hence a word 
X = (Xi , . . . , X 2n ) of S G is a G-Catalan word if and only if X\ ■ ■ ■ X 2n ^ in O a g 
and $ G (Xi) • • • 3> G (X 2n ) = 1 in 0\ E \. We set 

c G = N, c G = \B G \ forn = l,2,... 

where AT denotes the number |V| of the vertex set 1/. We call the sequaence 
c G ,n = 0, 1, . . . the generalized Catalan number associated with the graph G, or 
G- Catalan numbers for brevity. 

Let Ag be the topological Markov shift 

A G = {(/i) i6Z e £ z | A G (/ 4 ,/ l+1 ) = i,i e z} 

defined by the matrix A G . We denote by A G the set of all admissible words of the 
subshift A G (cf. [19]). 

Lemma 3.1. For /i, . . . , f k £ E, the following identity 

S h S *h-, ■ ■ ■ S* h S* h S h S h ■ ■ ■ Sf^Sf,, = A G {h, f 2 )A G {h, h) ■ ■ ■ A G {f k ^, f k )S} k S fk 
holds. If in particular /i • • • £ Aq, we have 

b f k b fk-l ' ' ' b f2 b fl b fl b f2 ■ ■ ■ b fk-l b fk ~ b f k b f k ' 

Proof. By using relations (3.1) recursively, the above identities are straightforward. 

□ 

Lemma 3.2. For every X in B G , there exists a vertex v(X) G V such that 

TTGpO = P V (X)- 

Proof. By Proposition 2.2 and Lemma 3.1, one sees that for every X in B G , the 
element 7Tg(A) is of the form 

7T G (A) = S* hi S fki S* fk2 S fk2 ■ ■ ■ S* fkm S fkm 

for some words f kl , f k2 , ■ ■ ■ f km . Since Sj k S fk . = P t(/% } , one has 

7t g (a) = P t (f kl )P t (f k2 ) ■ ■ ■ Pt(h m y 

As 7Tg(A) 7^ and P U P V — for u ^ v, one obtains 

t(f kl )=t(f k2 ) = --- = t(f k J. 
By putting v = t(f kl ), one concludes that 7Tg(A) — P v . □ 



Put for e e E 

B%[e] ={X = (X 1 , X 2n ) G B% | (S^X,, X 2n , S e ) G 
We note the following lemma 

Lemma 3.3. A word X in belongs to B^[e] if and only if v(X) = s(e). 

Proof. For X = (X ly . . . , X 2n ) € B% , it follows that 

^g((S*,Xi, . . . , X 2n , S e )) = S*nG(X)S e = S*P v ( X )S e . 

As S*P v (x)Se 7^ if and only if P v (x) > S e S*. The latter condition is equivalent to 
the condition v(X) = s(e). Hence the word (S*, X\, . . . , X 2n , S e ) belongs to B^ +1 
if and only if v(X) — s(e). □ 

For X = (Xi, . . . ,X 2n ) G B„, the leftmost symbol X\ must be S* for some 
e € E and the rightmost symbol X 2n must be Sf for some / € E. We denote e by 
l(X) and / by r(X) respectively. Hence X is of the form 

X = {S*(x)>X2, ■ ■ ■ X 2n -i, S r (x))- 

As S* {x) S l{X ) = S; {x) S r{X ) = Pv(x), one sees t(l(X)) = t(r(X)) = v(X). The 
following property for brackets is well-known. 

Lemma 3.4. For a G-Catalan word X = (X\, . . . , X 2n+2 ) in B^ +1 , there uniquely 
exists k e N with < k < n such that 

(X 2 , . . . ,X 2 k+i) € B k , X 2k+2 = X*, (X 2k+3 , . . . , X 2n+2 ) G B^_ k . 

This lemma means by putting 

Y = (X 2 , . . . , X 2 k+i), Z = (X 2 k+3, . . . , X 2n+2 ), 

the word X is decomposed as 

X = (Sf (x) ,Y, S l(x) ,Z), Y G S fe G , Z G B°_ k , 

in a unique way. 

Lemma 3.5. For e, f G E, and Y = (Y l ,...,Y 2k ) £ B^ , Z = (Z u . . . , Z 2{n _ k) ) G 
B°_ k , the word (S* f , Y 1 , . . . , Y 2k , S f , Z u . . . , Z 2(n _ k) ) G Wg +2 belongs to B% +1 [e] if 
and only if 

YeB^[f}, ZeB%_ k [e] and *(/) = s(e). 

Proof. By Lemma 3.3, Y belongs to B k [f] if and only if v(Y) = s(f), and Z belongs 
to B^_ k [e] if and only if v(Z) = s(e). As we have 

^G{{Sf,Yi, . . ., Y 2k ,Sf, Zi,..., Z 2 ( n -k))) = S*fPv(Y)SfP v (Z), 

the above element is not zero if and only if v(Y) = s(f) and v(Z) = t(f). The 
latter condition is equivalent to the conditions 

YeB°[f], ZeB^_ k [e] and t(f) = s(e). 

□ 

Hence we have 
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Lemma 3.6. For e G E, the equality 

n 

^+iN= U U B°[f] x B°_ k [e] 

feE k=0 
A G (f,e) = l 

holds through the correspondence 

x = (s* f , y, s f , z) e s« +1 [ e ] (y, z) e s fe G [/] x j£_ fc[e] . 

We set 

c£[e] = l, <%[e] = \B%[e]\ for n=l,2,..., e e E. 

For e, / e £7, define an equivalence relation e ~ / by the condition s(e) = s(/). 
The equivalence relation e ~ / implies -B^[e] = -B^[/] and hence c^[e] = c^[/]. 
For a vertex « € F, we define 

so that -B„ = U„ e y5^(u). We set for a vertex w E V, 

<£(«) = 1, c°(u) = \BC(u)\ for n = 1,2,..., u e V. 
Therefore we have 
Proposition 3.7. 

(i) C £ = E <£(«). 

n 

(ii) c« +1 [e]= £c£_ fc [e] E A G (/,e)c«[/]. 

fe=0 /EE 

(hi) if s(e) — u, we have c„(u) = c„[e]. 

Proof. The assertions are all obvious. □ 

4. Dyck paths associated with the graph G 

We will define Dyck paths associated with a given directed graph G. We will 
enumerate them and define the sequence <i„ , n = 0, 1, . . . of numbers. We will prove 
that 

d° = c% for n = 0,1,.... 
Let G = (V, E) be a directed graph. Let G* denote the transposed graph of G. 
The vertex set V* of G* is V and the edge set E* of G* is the edges reversing the 
directions of edges of G. 

A Dyck path 7 is a continuous broken line located in the upper half plane and 
consisting of vectors (1,1) and (1,-1) starting at the origin and ending at the x- 
axis (see Figure 2). For a Dyck path 7 = (71, . . . , 72™), where 7$ is one of vectors 
(1, 1) and (1, —1), if 7$ is a vector (1, 1), there uniquely exists ji+k satisfying the 
following conditions: 

(1) 7i +fe is a vector (1, -1). 

(2) (7j + i,7i + 2, . . . , 7i + fc_i) is a Dyck path of length k — 1 ( hence fc — 1 is even). 
We call the edge ji+k the partner of 74. 

For an edge e e E, we denote by e* the edge of G* obtained by reversing the 
direction of e. A G-Dyck path of length 2n is a Dyck path 7 labeled {e*, e | e e _E} 
by the following rules: 

(1) vectors (1, 1) are labeled e* for ee£, 

7 



Figure 2 



(2) vectors (1, —1) are labeled e for e G E, 

(3) a vector (1,1) labeled e* follows a vector (1,1) labeled /* if and only if 
i(/*)=*(e*) in G*, 

(4) a vector (1,1) labeled e* follows a vector (1,-1) labeled / if and only if 
t(f)=s(e*) in G*, 

(5) a vector (1,-1) labeled e follows a vector (1,1) labeled /* if and only if 

e = f, 

(6) the partner of a vector (1, 1) labeled e* is labeled by e. 

Let be the set of all G-Dyck paths of length 2n. For 7 = (71, ... , 72«) € F>^, 
the leftmost vector 7! must be e* for some e* G F*, and the rightmost vector 7 2 „ 
must be / for some / G E. We denote e* and / by £(7)* and r(7) respectively. We 
set 

djf = JV, d^ = |D°| for n=l,2,.... 
The following lemmas are paralle to lemmas in the previous section. 

Lemma 4.1. For a G-Dyck path 7 = (71, ... , ^211+2) in D^ +1 , there uniquely exists 
fceN with < k < n such that 

(72, • • • ,72fe+l) S Dfe , 72fc+2 = 7l\ (72fe+3, • • • ,72n+2) e D^_ fe . 

Put for e e £ 

D%[e] = {(71, ...,72n) e £>G I ( e *, 7l ,...,7 2 „,e) e D% +1 }. 

Lemma 4.2. For e,f £ E, and n = (r?i, . . .,772k) £ D%,( = (Ci, . . • ,C2(n-fc)) € 
D°_ fe , t/ie patft (/* , 771 , . . . , r? 2 fc, /, Ci , • • • , C2(n-fc) ) &eZo7itfS to F>£ +1 [e] if and only if 

r?G£f[/], CeD^_ k [e] and t(f) = s(e). 

We set 

d{f[e] = l, <^[e] = |D°[e]| for n=l,2,..., e G F. 

Recall that the equivalence relation ~ in F is defined by e ~ / if s(e) = s(f). 
Hence we have e ~ / implies F>^ [e] = [/] and hence d^ [e] = [/] . For a vertex 
u G V, we define 

D?( U ) = { 7 e££|t(r( 7 ))=«} 

and 

d?(«) = l, d^(«) = |D°[«]| for n=l,2,..., u G V. 
Therefore we have 
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Proposition 4.3. 

(i) d G = E <£(«), 

(") ^+iW= EC t [e] £ 4 G (/,e)d£[/], 

fc=0 /G-E 

(iii) if s(e) = u, we /lave d G {u) = d G [e\. 
Proof. The assertions are all obvious. □ 
Therefore we have 

Theorem 4.4. For n = 0, 1, . . . , we /iGwe d^[e] = c G [e] /or ee£ and d G (u) — 
c n( u ) f or u £ V, so that 

d G = c G 

5. Trees associated with graph G 

We will define trees associated with a given directed graph G. Let t G be the 
numbers of such trees with n edges. We will prove that 

t G = c G for n = 0,1,.... 

A rooted tree is a plane tree with a distingushed vertex. The distinguished vertex 
is called the root (see Figure 3). 




Figure 3 

It is well-known that the ordinary Catalan numbers enumerate the number of 
the rooted trees. In this section we consider trees associated with graph G. 

Let G — (V, E) be a directed graph and G* = (V*,E*) the transposed graph of 
G. A G-rooted tree T with n edges is an oriented rooted tree with n edges satisfying 
the following conditions: 

(1) each edge with vertices is labeled by edges with vertices of G* , 

(2) an edge e* of T follows an edge /* of T if and only if e* follows /* in the 
graph G* . 

Let T G be the set of all G-rooted trees with n edges. We set 
t G = N, t G = \T G \ for n = 1,2,.... 
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For a vertex u G V and an edge e e E, let T G {u) be the set of all G- rooted trees 
whose root is the vertex u, and T G [e] the set of all G- rooted trees whose root is the 
source of e. Put 

t G (u) = l, t G (u) = \T G (u)\ for n = 1,2,..., 
t{f[e] = l, t£[e] = |T„ G [e]| for n= 1,2,.... 

Proposition 5.1. for n = 0, 1, . . . , we /iGwe t^[e] = d G [e] for eeE and t G (u) = 
d G {u) for u G V, so that 

t G = d G 

Proof. For a G-Dyck path 7 in Z? G , by considering vectors (1, 1) in 7, one gets a 
G-rooted tree. This correspondence yields bijective mappings between D G and T G , 
between £>^(u) and T G (u), and between D^[e] and T„ G [e], □ 

6. Generating functions 

We will next study the generating functions of the sequance c G , n = 0, 1, Let 

f G {x) be the generating function for the sequence c G , n — 0,1, ... , that is defined 

by 

00 
n=0 

as a formal power series. For a vertex u, v € V, we denote by Aq(v, u) the number 
of edges from v to u in G. By proposition 3.7 the following proposition holds. 

Proposition 6.1. For n = 0,1, . . . , we have 

n 

fc=0 v£V 

To study the sequence c G ,n = 0, 1, . . . and its generating function f G (x), we 
provide the generating functions for the sequences c G (u),n = 0, 1, . . . for u e V. 
Let {v\, . . . , vn} be the vertex set V of G. We put 

c n (i) = c n {Vi), A G (i,j) = A G (vi,Vj) for i, j = 1, . . . ,AT. 

Let f G (x) be the generating function for the sequence c^(i), n = 0, 1, It is 

defined by 

00 

f G {x) = Y,o G (i)x n , i = l,...,N (6.2) 
as a formal power series. The preceding proposition implies the following equalities 

n N 

4iB = E c ^(»)E^(i.^(i), i = l,...,N (6.3) 

fc=0 j=l 

so that we have 
Proposition 6.2. 

(i) / G (z)=Eti/f(*)> 
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(ii) 

JV 

ff(x) = l + xff(x)J2A G (j,i)ff(x), for i = l,...,N. (6.4) 
i=i 

Proof, (i) The equality is clear, (ii) By (6.3), one has 

oo 

ff(x)-l=xJ2^ +l (i)x n 

oo n N 

= * E E ^-k^-" E ^(j, Oc«(j> fc 
n=0 fc=0 j=l 
N oo n 

j=l n=0 k=0 

= xf2tf(x)A G (j,i)ff(x). 

3 = 1 



□ 



Lemma 6.3. 



<£(i) < \\A G \ftc n , i=l,...,N, n = 0,l,... 

w/iere ||Ag||i = maxi<i</v X^jLi ^g(j, i) an d c„ = ^j-( 2 ^) £/ie Catalan number. 
Proof. We will prove the above identity by induction. Fix i = 1, . . . , N. For n = 0, 
the inequality is trivial. For n = 1, one sees that c^(i) = X^i^-gO?', i) < ||^g||i- 

Assume that the inequality holds for all n < k. As X)zLo Cfe - (C( = c k+i, it follows 
that 

k JV 

Cfc+i (i) - E c °-i (0 E A g (j, i)cp(j) 

J=0 j=l 

= P G |li +1 c fe+ i 

Hence the desired inequality holds. □ 
We denote by Rf the radius , of convergence of fP(x). 

Lemma 6.4. Suppose that G is irreducible. 

(i) Rp = Rf, i.j 1 V. 

(ii) j^<R?, i = l,...N. 



Proof. Put cti = lim sup^^ a/c g (i). 

(i) By the relation (6.3), one has c^ +1 (i) > (i)AG(j,i)c^(j). Assume that 
-^gCM) 7^ 0- As Co'(i) = 1, one has c^ +1 (i) > c^(j) so that a, > ay. Since G is 
irreducible, one sees that a, = ay for alii, j = 1, . . . , N. 

(ii) It is well-known that limsup,^^ ^/cvT — 4. By the preceding lemma, the 
inequality en < 4\\Ag\\i is immediate. □ 

ii 



We note that the value 



4||A G |h 



is not best possible in general (see Section 8). 



Therefore the functions f^(x) defined by (6.2) exists in a neighborhood of the 
origin, and they satisfy the relations (6.4). Conversely, the following proposition 
states that the functions are uniquely determined by only the relations (6.4). 

Theorem 6.5. A family fi(x), i = 1, . . . , N of functions satisfying the relations 

N 

f i (x) = l + xf i (x)J2A G (j,i)f j (x), i = l,...,N (6.5) 

uniquely exists in a neighborhood of the origin, and they are differentiable. 
Proof. We first note that by the above equalities one has 

/i(0) = l, i = l,...,N. 
Consider the family of polynomials defined by 

N 

Fi(x,y!,..., y N ) = xyt A G (j, i)yj - y, + 1, i = l,...,N. 

3 = 1 

Put y = (yi, ...,y N )e R N . We set the Revalued C°°-function F on M x R N 

F 1 (x,y 1 , . . .,y N )' 

F 2 (x,y 1 , ...,y N ) 
F(x,y)= . 

_F N (x,yi, . . . ,y N ) 
We note that F(0, 1, . . . , 1) = 0. Since 

dF t _ J xy l A(i, i) + x Ylk=i A ( k > l )Vk - 1 if 3 = h 



d yj [xA(j,i)yi 



if 3 ^ i, 



one has the Jacobian matrix of F as 



d¥ 
9y 



dF N 
tyi 

2/1 



3Fi 
9vn 



VN 



■*A(1,1) 
*A(N, 1) 



*A(l,iV)' 
t A(N, N) 



+x 



Hence we have 



Ef =1 4 A(l,fc)y fc 



f(M.....l, 



"1 





I— 1 




1 



^0. 



By the implicit function theorem, one sees the assertion. 
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□ 



We note that the functions fi(x), . . . , Jn(x) are holomorphic in a neighborhood of 
the origin. 

Let fi(x), . . . , Jn{x) be a family of functions satisfying the equalities (6.5). They 
are uniquely defined by a neighborhood of the origin by Proposition 6.5. Let (x) 
be the n-th derivative of fa. Since the family of the functions is unique, the i-th 
G-Catalan numbers c^(i) are given by 

c^{i) = ^P-, n = 0,l,.... 
n! 

We henceforth assume that G is irreducible. We denote by Rg the radius Rf of 
convergence of f^{x) as in Lemma 6.4. We put Ir g — {x £ M | |a;| < Rg}- 

Lemma 6.6. 

(i) fi(x) ^Oforxe Ir g and fi(x) > 1 for < x £ I Ra . 

(ii) There exists M > such that \fi(x)\ < M for all x £ Ir g , i = 1, . . . , N. 

Proof, (i) Since fi(x) = f^{x) on x £ Ir g , the assertion (i) is clear by definition 
of/f(x). 

(ii) Suppose that there exists j = 1, . . . , N and x n £ Ir g such that limn^oo \ fj (x n )\ = 
oo. Since \fj(x n )\ < fj(\x n \), we may assume that x n > by considering \x n \ in- 
stead of x n - Take i = 1, . . . , N such that Ag(j, i) = 1. As we have 

fi{Xn*) 1 ^ X n fi(x n ^)fj(x n *) 7 

the inequality 



1 > 1- TT^T ^ x nfj{x n ) > 



1 

fi {Xn 

holds by (i). By hypothesis, one sees that lim^oo x n = 0, a contradiction to the 
fact 1 = /j(0) with the continuity of fj at 0. □ 



Proposition 6.7. The functions fi(x),i = 1, . . . , N satisfying (6.5) can be defined 
at x = Rg, and they are lower semi- continuous at x = Rg- 

Proof. Take an increasing sequence x n in Ir g such that x n | Rg- For each i = 
1, . . . , N, the sequence {/i(a;n)}n=o,i,... is increasing and bounded by the preceding 
lemma so that the functions fi(x) can be defined at x = Rg, and they are lower- 
continuous at x = Rq- □ 

Therefore we have 

Theorem 6.8. The family fi(x), i = 1, . . . , N of functions satisfying (6.5) uniquely 
exists on [— Rq,Rg] f or some Rg > iprp- They can not be defined outside of the 
interval [—Rg,Rg]- 

We note the following proposition. 

Proposition 6.9. If {j \ A(j,i\) = 1} = {j \ A(j, i 2 ) — 1}, then we have ,fi 1 (x) = 

Proof. Put gi(x) = Ylf=i A G{j,i)fj{x). As fi(x) is equal to jz^^ for x + °> 
one sees fi 1 (x) = fi 2 (x) for x ^ by hypothesis. As /^(O) = /i 2 (0) = 1, we have 
fh{x) = fi 2 ( x )- D 
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7. The radius of convergence of the generating functions 



In this section, we will study how to find the radius Rg of convergence of the 
functions fi(x),i = 1,...,N satisfying (6.5). For an N x N matrix A and t — 
(U)f =1 G R N , we set 

N 

x(t)i =ti-^2t k A(k,i)ti, {tAt){i,j) =tiA{i,j)tj. 
fe=i 

for i,j = 1,...,N. Hence we have anJVxJV matrix tAt. We set 

C A = {t = {U)ti € R N | ti > 0, a^ijj = a;(t)j > for i,j = l,..., N}. 
We note that 

C Aa ={(xf?{x))?L 1 eR»\o<xei Ra } 

by the relations (6.4) and Theorem 6.8. Let A be the N x N matrix defined by 

A(i,j) = L A -A(i,j), i,j = l,...,N 

where La — maxjj A(i,j). For t = (U)fL 1 G C A , the value x(t)i does not depend 
on i = 1, . . . , n. We denote it by x(t). We say that A satisfies condition (C) if 

kcr(L4i - x(i)) n kcr(tlt + x(t)) = {0} 

for all t = {U)f =1 G Ca- 

Lemma 7.1. A matrix A satisfies condition (C) if and only if 

kcr(L4i - x{t)) n l- 1 ={0}. 

/or a// i = (t 4 )ili G C A , where I 1 - = {(r 4 )^x G R N | E^i r< = 0}. 

Proof. We will show that for {ri)f =1 G ker(tAt — #(£)), the vector {ri)f =1 belongs 
to kci(tAt + x(t)) if and only if EiLi r i = 0- As { r i)f=i e ker(iAi — x(i)), one has 

N N N N N 

i— 1 i— 1 1 i— 1 i— 1 

so that 



AT 



2»(*)E r * = E 



i=l 



Since x(t) > 0, one knows that EiLi r i = if and only if Eili ti r i = 0- Now 



l a*i Eli - *i Ef=i Mhtftjr 



N 



L A t N E^Li ^ - Ej V =i 

Hence Efc=i »*» = if and only if (ri)f =1 belongs to ker(tAt + x(t)). 
It is easy to see that the matrices 

"1 • • • 1" 



N 


"tl" 




n 


L A^t 3 r 3 




-x(t) 




3 = 1 


tN_ 







□ 



[N], 



1 1 
1 



satisfy condition (C). 
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We will prove the following theorem: 



Theorem 7.2. Suppose that a matrix Ac satisfies condition (C). Let fi(x),i = 
1, . . ., N be the functions satisfying (6.5). // a real number x e R is the radius 
Rc of convergence of the functions fi(x), then there exist positive real numbers 
t\,. . . , tjv such that 

N 

det(L4 G £ - x ) = 0, x = tj-y~] tjA G (j, i)U for i = 1, . . . ,N 

3=1 

where tA G t is the N x N matrix defined by tAct = [tiAc(i, j)*j]i,j=i,...JV ■ In par- 
ticular, there exists an eigenvector [si]i=i,...,jv of the matrix tAct for the eigenvalue 



xo with s i — 1 such that 

N 

2 



1 N 



i=l 



Therefore the radius of convergence of fi(x) is algebraically determined as a 
solution of an eigenvalue problem for the matrix tAct with some conditions. 

Proof. Put ti = xfi(x),i = 1, . . . , N in (6.5) so that we have equalities 

N 

x = t i -t i J2 A G(j,i)t j , i = l,...,N. (7.1) 

3 = 1 

This implies that (ti)fL 1 belongs to Ca for < x € Ir g - Consider x — x(t\, . . . , tjv) 
as a function of (ti, . . . ,tjv) so that the radius Rq of convergence is the maximum 
value of the function x = x(t\, . . . , tpf). Put 

JV 

ipi(t lt . . . ,t N ) = U - tjy^A G (j,i)tj, i = l,...,N 

3=1 

and 

f(h, ...,t N ) = ipiih, . . . ,t N ), 
g 2 (h 1 . . . ,t N ) = ipi(ti, . . . ,t N ) - ip2{h, ■ ■ ■ ,t N ), 

9N{h, ■ ■ ■ ,t N ) = ipi(h, . . . ,t N ) - tpN(h, ■ ■ ■ ,*jv)- 

Hence the radius Rq is obtained by solving the constrained extremal problem of / 
with constrained conditions: 

02 (*1, ■ • ■ ,*JV) = ' ' ' = ffjv(*l, ...,t N ) = 0. 

Suppose that 

N „ 

J2cj-^(ti,...,t N ) = 0, i=l,...,N 



dt 

3=2 



15 



for some Cj € WL, j = 2, . . . , iV. One then has 



f^(ti, . . . ,t N ) ^■(t 1 ,...,t N ) ■■■ ^f(ti, • • • ,t N 



<>l!>.\ 



01-2 



^(t!,...,t N ) ■■■ ^-(t!,...,t N ) 



i)i!< 

.at i 
As one sees 



(*i,...,tjv) ••• ^-(ti,...,t N ) 



E 



AT 
-C2 



-Cjv 



0. 



at, 



_ J ^EL^G^^-^G^j)*! if i= j 



-^gCM)*» 



if i + h 



by putting 



one has 



N 



3=2 



rN = -cat, 



N N 

(1 -^t k A G {k,i))n = A G{i,j)tjrj, 
fe=i i=i 
By (7.1), one has 



i = 1 JV- 











a; 














r N _ 



N 



Since the matrix Ac satisfies condition (C), one gets rj = 0,i = 1, . .. , N. This 

means that the rank of the matrix [^ff (ii, • ■ • , i/v)]i=i nj=2,...,n is N — 1. Now 

suppose that the function /(x) takes its maximum value £o at (ti, . . . , ijv) under the 
conditions that <7,(ti, . . . , fjv) = for i = 2, . . . , N. Then there exists real numbers 
Ai, . . . , A;v such that 



It then follows that 





-,t N )-\ 


that 






!&(* 







J=2 



A f 



j=2 



at, 



,a^i 



i = l,...,JV. 



dU 



Put 



si = 1 + ^ Aj, s 2 = -A 2 , 
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-(tl, . . . , t N ) 



-A 2 



^A r 



= 0. 



Similarly to the above discussions, we have 



In this case we have 





Si 




Si 






= tA G t 










_S N _ 


N 




N 





N 



N 



xq = y^JjSj - tjA G (j,i)tiSi = y^JjSj - x Q . 

i—1 i,j= 1 i— 1 



so that we get 



N 



1 V- 

xo = - ) tjSj. 
1 i=i 

Therefore we obtain the assertion. 

8. Integral formulae of the G-Catalan numbers 



□ 



The G-Catalan numbers c^(i) are coefficients of its generating functions f^{x) 
so that one has 



n\ dx n ( ' Jc z n+1 



dz 



where C denotes a positively oriented closed curve around the origin in the complex 
plane. In this section, we present a formula of c^(i) by using the relations (6.4). 
We set 



Fi(w!, w N ) = (wi + 1) ^2 a gU, i){wj + 1), 

^>i,...,wjv) = Fi(wi,...,w N ) n , i = l,...,N. 
We will prove the following integral formulae 
Theorem 8.1. 

1 fFJ l (w 1 ,...,w N ) 



27tV — In Jc 



Jo 



W 3 



-dun, i, j = 1, . . . ,N, 



(8.1) 



where the above integral is a contour integral along a positively oriented closed curve 
C around the origin in the complex plane. 

Proof. Put Wi(x) = f^(x) — 1. The relations (6.4) go to 

N 

Wi(x) =x^2(wj(x) + l)A G (j,i)(wi(x) + 1) = xF i (w 1 (x), . . . ,w N (x)). 



As 



lim 



Wi(x) 



N 



Fi (»i (0), . . . , w N (0)) = a g(3, i) > 0, 



x^O x 

the rotation number of Wi(x) is 1. One sees that 

<(z) = fl(z) 
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and 

1 _ Fj(wi(z), . . .,w N (z)) 
z w 3 {z) 

It then folows that 



c G (i) = ■==- / ^—^dz 

" V ; 27rV^Tn Jc z n 



1 fF?( Wl (z),...,w N (z)) 
■ / — t\ wAz)dz. 



□ 



9. Catalan numbers associated to KMS states 

In this section, we enumerate G-Catalan numbers by using KMS states on the 
Cuntz-Krieger algebra O^g for the gauge actions. We denote by T the group of 
complex numbers with modulus one. The gauge action a G is an action of T to 
the automorphisms on O^g defined by af(S e ) = zS e for z £ T, e £ E. For a real 
number (3 £ R, a state ip on O^g is called a KMS state at inverse temperature [3 if 
the following equality holds 

<p(ab) = <p(ba G +i/3 (a)), t£R 

for a in the dense analytic elements of O^g and b £ O^a . In [7] , it has been proved 
that under the condition that the matrix A G is aperiodic, KMS state exists if and 
only if (3 is log re, and the admitted KMS state is unique, where tq is the Perron- 
Frobenius eigenvalue for the matrix A G . In what follows, we fix a KMS state (p on 
Oj±g. We define the (G, </?)-Catalan numbers c G ' v , n = 0, 1, . . . by setting 

# v = l, c G « = J2 <P(*G{X)), n=l,2,.... 
xeB G 

These numbers are not necessarily integers. For i = 1, . . . , N, we put the (G, <p)- 
Catalan numbers c G ' v (i), n = 0, 1, . . . rooted at the vertex Vi by setting 

= <p(P Vi ), c G "(i)= £ <P(*g(X)), n=l,2,.... 

By the preceding discussions, one has 

Lemma 9.1. For n = 0, 1, . . . , and i = 1, . . . , N, we have 

(i) e=E^(i). 

(ii) c G >*{i)=c G {i)y{P Vi ). 

(ih) c%{i) = EE ^ (i )A G (i,i) c ^(i). 

k=0 j=l 

Proof, (i) is clear. 

(ii) For X £ B G , the word X belongs to B G (i) if and only if v(X) = v t . The 
latter condition is equivalent to the condition ttg(X) = P Vi . This implies the 
assertion (ii). 

(iii) The desired equality comes from (ii) with (6.3). □ 
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The generating functions f G ' ip (x) and f G ' v (x) for the sequences c G,v and c G,v (i) 
respectively are also defined by 

oo oo 

f G "(x) = Y,<%"x n , f^(x) = J2&' P (i)x n fori = l,...,JV. 

n=0 n=0 

Then the following lemma is direct from the preceding lemma. 
Lemma 9.2. For i = 1, . . . , N, we have 

(i) f G ^(x) - £ /? 

(ii) f?*{x) = f?{xMP Vi y 

(iii) /f = ^(P„J +x E /f WA G o-,i)/f 

The radii of convergence of the functions f G ^{x), ff'^ix) coincide with that of 
f G (x) if G is irreducible. 
Therefore we have 

Proposition 9.3. Suppose that A G is aperiodic. Let [t e ] eeE ^ e ^ e positive eigen- 
vector for the Perron- Frobenius eigenvalue r G of the matrix [A G (e, f)] e j eE satis- 
fying ^2 eeE t e = 1. For a vertex Vi G V, i = 1,...,N, take an edge ej G E such that 
t(ei) = Vi. Then we have 

N 

c G «(i) = r G c G (i)t ei , c G >* = r G J2c G (t)t ei 

i=l 

and hence 

N 

f G "(x) = r G f G {x)t e ^ f G ^(x) = r G £/f (x)t ei . 

i=l 

Proof. As in [7], the vector [<p(S e S*)] e ^E is the unique positive eigenvector for the 
Perron- Frobenius eigenvalue r G of the matrix [A G (e, f)] e jeE satisfying E/e£ Pi^f^f) = 
1. Hence we have <p(S e S*) = t e for e G E. It follows that 

V {S* e S e ) = J2 A G (e,fMS f S* f ) = r G t e 
feE 

and <fi(P Vi ) = (fi(S*.S ei ) = r G t ei . By the preceding lemma, one has c G ' v (i) = 
r G c G (i)t ez and c G >* = r G E^i c G (i)t Bi • □ 

10. Examples 

1. Consider the following graph G\ having N- loops with a single vertex. 
Since A Gl = [N], we have 

/ Gl (x) = f Gl (x) and jf 1 (z) - 1 = ziV/f 1 {xf 

so that 

7 (, ~ 2Nx 

We choose the minus sign before the root of 1 — ANx because lim^o f Gl (x) = 1. 
Although one directly konows that the radius R Gl of convergence of / Gl (x) is equal 
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Figure 4 



to -j^ because of 1 — AxN > 0, we will see i?d = jjv by using Theorem 7.2 as 
in the following way. Suppose that a positive real number x is Rq 1 . There exists 
t > such that 

tNt -x = 0, x = t- tNt. 
By these equations we have t = jjy and x = We will next compute c^ 1 . 
Althogh by the Newton Binomial formula for (1 — 4Nx)^ one may easily compute 
c^ 1 , we will use Theorem 8.1 as follows. Put F(w) = N(w + l) 2 so that we have 

q 1 f F n (w) , 1 A / 2n 
C 1 = — / — -dw = —N 

Since tp(P Vl ) = 1, the equality c^ 1 ^ = c^ 1 holds. 

2. Let G2 be the directed graph with N vertices such that for any ordered pair 
of two vertices u, v, there uniquely exists an edge from u to v. Hence the transition 
"1 • • • 1" 

matrix Aq 2 is : : . The generating functions jf 2 satisfy the following 

1 ... i_ 

equalities 



N 



f^(x)-l=xf^(x)J2f^(x), 

3 = 1 



i = l,...,N. 



By Proposition 6.9, one has ,f^ 2 (x) = ff 2 {x) for i,j = l,...,N. By the above 
equalities, we have 



f? 2 (x)- l = xNf?'\x). 



Therefore we have 



f? 2 {x) = f G ^x) 



1 - VI - 47Vx 
2Nx ' 



Hence we have 



Rg 2 — Rg x — 



1 



f^(x) = Nff 2 (x) = 

N 



47V' 



2x 



E c « 2 (o = ^ = l ~ Nn+1 („ _ 1) = 

2—1 ^ ' 
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By the equality <p(P Vi ) = j?, we note 



JG 2 ,<p) _ „G 2 



— c n 1 — AT c n . 



3. Let G3 be the directed graph with Aq 3 



1 1 
1 




Figure 5 



We then have 



Put fi(x) = f i 3 (x), i = 1, 2. They satisfy the following relations: 
/ 2 (x) - 1 = x/i(x)/ 2 (x) 



so that the equalities 

/ 2 (x) 2 = A(x), 



x/ 2 (x) 3 -/ 2 (x) + l = 



(10.1) 



hold. We will compute the radius Rq 3 of convergence of the function f Gs (x). 
Suppose that a positive real number xq is Rg 3 - By Theorem 7.2, there exist t\, t 2 > 
such that 



r ^ 2 


M2" 




x 


0" 


*2tl 










x _ 



det( 

x = ii - (ii +i 2 )ti, 



) = 0, 

Xo = tl ~ t\t 2 - 



One easily sees that t\ = |, i 2 

c^ 3 by using Theorem 8.1. Put Wi(x) = /i(x) — 1, i = 1, 2 and 



I and hence = ^- We will next compute 



F 1 (w u w 2 ) = ( Wl + l){(tui + 1) + (iu 2 + 1)}, F 2 (t«i, tua) = {wi + l)(t«2 + !)• 
We then have 

Wi(x) = xF,(wi(x), w 2 (x)), z = l,2. 
It follows that by (10.1) 

F 2 "( Wl (z), W2 (^) = ( W2 (z) + l) 3 ", 
w' 1 (z) = 2(w 2 (z) + l)w' 2 (z). 
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By Theorem 8.1, one has 

1 1 f(w 2 (z) + l) 3n 



n27rV^T7c w 2,( z ) 

(W 2 + 1) 3 " +1 



2(102(2;) + l)w' 2 {z)dz 



2 1 r 
n 27rv^T Jc 



2 

n27 v . k () 

2 /3n + 1 
n V n — 1 



d,W2 

c w 'i 

3n+l 



Similarly we have 



1 1 f F?( Wl (z),w 2 (z)) , 



C-3( 2) = 



1 1 f(w 2 (z) + l) 3n 



z 



n2wi/^T Jc w 2 (z) 
' (w 2 + l) 3 ™ 



w 2 (z)dz 



1^_ f 

n 27rV^T Jc 

n 27rV^T t^AkJ J c 2 



dw 2 

c w 2 

3n 



k=0 

1 / 3n 

n Vn — 1 



Thercofore we obtain 



Hence 



c^ 3 = 2, cf 3 = 3, cf' = 10, c^ 3 = 42, cf 3 = 198, 



This sequence is regarded to be the Fibonacci version of the Catalan numbers. 

We remark the following equality on the radius Rq 3 of convergence of the func- 
tion f G3 (x): 

lim #= hm 4^-= lim (» + l)3n'(2n + 3)(2n + 2) = ± _ 

n-oo C ^ +1 «^oo C G +1 (2) n-oo (3n + 3)! 27 

We note that by the equality fi(x) = f2(x) 2 one has 

n 

^ 3 (i) = E c fc 3 ( 2 ) c «- fe ( 2 ) 

fc=0 

so that the formula 

2 /3n+ 1\ _ ^ 1 / 3fc \ 1 /3n-3fc 
n V n - 1 / ~~ ^k\k - l) n - k\n - k - 1 

holds. 
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We denote by (3 the golden ratio 1+ 2 ■ ^ is the Perron- Frobenius eigenvalue of 



the matrix A G3 



1 1 

1 

1 1 



The vector 



r 2 ' 

r 2 



is the unique positive eigenvector 



for the eigenvalue f3 whose sum is one. It then folllows that <p(Pi) = (i 1 , ^{Pi) 
[3~ 2 . Therefore we have 



c G ^(l) = c G *(2).<p(P 2 )- 



1 2 /3n + 1 
(3 n \ n — 1 
1 1 / 3n 



and 



c^(l) = c^(l).^(P 1 ) = 

/3 2 n — 1 
2n/3 + (1 - n) {3n 



c^(l) + c^(2) 



iVE+i 



'3n x 

(n + l)(2n + 1) V n J ~ (n + l)(2n + 1) V n , 



11. Concluding remarks 

Let Aq be the topological Markov shift of the edges of the graph G as in Section 
3. Let F(A G ) be the sub-Fock space associated with the matrix A G . It is the 
Hilbert space of the direct sum F{A G ) = 0^° =o F n {A G ) of the sequence F n {A G ) of 
the finite dimensional Hilbert spaces whose orthonomal basis consists of the vectors 
indexed by the admissible words of the topological Markov shift Aq of length n for 
n = 1,2,.... For n = 0, the space F (A G ) denotes the one dimensional vector space 
Cf2 of the vacuum vector f2. Let T e , e 6 E be the creation operators on F(A G ). By 
[6] (cf.[8]), the quotient images T e ,e € E by the C* -algebra of compact operators 
on F(A G ) satisfy the relations (3.1). We put T G = J2eeE T e- Thcn th e equality 
< {Tq + Tq) 2u VI I >= c G was pointed out by Yoshimichi Ueda. The author 
thanks to him for his suggestion. Related discussions are seen in several papers of 
free probability theory (cf. [5], [11], [29], [30], etc.). 

By the above formula of the G-Catalan numbers, one may generalize the numbers 
c G to general subshifts. For a general subshift A over alphabet E, let F(A) be the 
sub-Fock Hilbert space associated with it ([20]). The creation operators T a for 
a E S are similarly defined. We put the operator Ta = ^ agE T a on F(A). We 
may define the A-Catalan numbers by the formula 

c K n =< (T A + Tl ) 2n n | ft > . 

The numbers will be studied in [23] 
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